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Abstract
We evaluate the gravitational Schwinger terms for the specic 2-dimensional
model of Weyl fermions in a gravitational background eld using a technique
introduced by Ka¨llen and nd a relation which connects the Schwinger terms
with the linearized gravitational anomalies.
I. INTRODUCTION
The appearance of Schwinger terms [1] { [3] in the equal time commutators (ETC) of currents
is an indication that the corresponding quantum eld theory may have anomalies (for an
introduction see Refs. [4] { [6]). These Schwinger terms (ST) show up as extensions in
the canonical algebra of the ETC of the Gauss law operators (see e.g. Refs. [7] { [10]),
and they have a cohomological [11], [12] and geometrical [13] { [16] interpretation. Within
QFT the perturbative calculations using the Bjorken-Johnson-Low limit [17], [18] work quite
successfully, however, not all of the familiar point splitting methods lead to the correct result
[19] { [20]. Therefore it is of interest to shed some light onto the anomalous phenomena from
a dierent point of view. We want to present in our paper a method which is computational
quite easy and has interesting features. It has been originally introduced by Ka¨llen [21]
and is related to the dispersion relation approach. Sykora [10] has applied the method to
compute the ST for currents in Yang-Mills theories. Our aim is to generalize this procedure
to the case of gravitation, where the current is replaced by the energy-momentum tensor,
and we perform the calculations in two dimensions. So we have to evaluate the vacuum
expectation value of ETC of the energy-momentum tensors.
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II. KA¨LLEN’S METHOD
We start with the Lagrangian describing a Weyl fermion in a gravitational background eld
in two dimensions
L = ieEaµ  γa1
2
$




where Eaµ is the inverse zweibein, e = jdet eaµj is the determinant of the zweibein and
Dµ = @µ + !µ is the covariant derivative with the spin connection !µ.
















T Vµν  TAµν

: (2.2)
We use the following conventions in two dimensions: g00 = −g11 = 1, "01 = 1, γ0 = 2,
γ1 = i1 and γ5 = γ
0γ1 = 3, where i are the Pauli matrices.
Using the following relation
γµγ5 = −"µνγν ; (2.3)
and the equations of motions we can express the pseudo tensor part of the energy-momentum
tensor by the pure tensor part (recall that the tensor is symmetric)
TAµν = −" λµ T Vλν : (2.4)
In two dimensions we have the identity
" λµ "
τ
ρ = −gµρgλτ + gλρgτµ ; (2.5)
so that we nd
h0j[Tµν(x); Tρσ(0)]j0i = 1
4

h0j[T Vµν(x); T Vρσ(0)]j0i
+h0j[T Vρν(x); T Vµσ(0)]j0i − gµρh0j[T V λν (x); T Vλσ(0)]j0i
" λµ h0j[T Vλν(x); T Vρσ(0)]j0i  " λρ h0j[T Vµν(x); T Vλσ(0)]j0i

: (2.6)
Let us dene the pure tensor contribution
Fµνρσ(x) := h0jT Vµν(x)T Vρσ(0)j0i: (2.7)
By inserting a complete set of states jni with positive energy and momentum pn and using


















(pn − p)h0jT Vµν(0)jnihnjT Vρσ(0)j0i: (2.10)
From Lorentz covariance and symmetry we get the following decompositon into formfactors
Gµνρσ(p) = pµpνpρpσG1(p
2) + (pµpνgρσ + pρpσgµν)G2(p
2)
+(pµpρgνσ + pµpσgνρ + pνpρgµσ + pνpσgµρ)G3(p
2)
+gµνgρσG4(p
2) + (gµρgνσ + gµσgνρ)G5(p
2) : (2.11)
Making use of @µT Vµν(x) = 0 provides the Ward identity p
µGµνρσ(p) = 0 that can be expressed
by the formfactors in the following way
p2G1 +G2 + 2G3 = 0 (2.12)
p2G2 +G4 = 0 (2.13)
p2G3 +G5 = 0: (2.14)
Now let us explicitly evaluate Gµνρσ(p). As we are considering the energy-momentum tensor
as a free (noninteracting) tensor { analogously to the case of free currents { we only need to










(p− p1 − p2)h0jT Vµν(0)jnihnjT Vρσ(0)j0i: (2.15)
Let us assume that the fermions are described by a canonically quantized eld with mass
m. We then nd










(p− p1 − p2) m
2
Ep1Ep2
(p1 − p2)ν(p1 − p2)σv(s2)(p2)γµu(s1)(p1)u(s1)(p1)γρv(s2)(p2)






Without the interchanges we call this Gniµνρσ(p).
We then use the completeness relations for the spinors and introduce the 0-component of






2p2 (p− p1 − p2)(p21 −m2)(p22 −m2)(p01)(p02)













1 −m2)((p− p1)2 −m2)(p01)(p0 − p01)
(2p1 − p)ν(2p1 − p)σ
h
p1µ(p− p1)ρ + p1ρ(p− p1)µ
−gµρpλ1(p− p1)λ − gµρm2
i
: (2.18)
If we compare this with the following amplitude
T pvµνρσ(p) = i
Z





ImT pvµνρσ(p) : (2.20)
So Gµνρσ(p) is proportional to the imaginary part of the amplitude. This is the important


















(p2 − 4m2) (2.21)
we can compute the formfactors (see Ref. [22], [23])
G1(p





































































Now we consider the commutator
h0j[T Vµν(x); T Vρσ(0)]j0i = Fµνρσ(x)− Fρσµν(−x) =
Z
d2p e−ipx"(p0)Gµνρσ(p) : (2.27)

















p2 − 4m2 = − 1
242
(p2) : (2.28)
From Eq. (2.27) we explicitly nd






0)(p2) = 0 (2.29)






0)(p2) = 0 (2.30)









0)(p2) = 0 (2.31)














The rst three expressions vanish because "(p0) is antisymmetric. To evaluate the next two






@µ@µ4(x) = 0 (2.35)
4(x)jx0=0 = 0 (2.36)













0 − @21)4(x) = 0 : (2.38)
So we conclude










With Eq. (2.6) we nally obtain the Schwinger terms in the ETC of the energy-momentum
tensors














We have calculated the ETC of the energy-momentum tensors by using a technique intro-
duced by Ka¨llen [21]. Our result, Eqs. (2.40){(2.42), agrees with the one of Tomiya [24] who
works with a dierent method, essentially equivalent to the Bjorken-Johnson-Low limit, and
in addition uses a cohomological approach. It also coincides with the result of Ebner, Heid
and Lopes-Cardoso [25] who derive the ST directly from the gravitational anomaly. In our
approach Eq. (2.20) is the basic relation. It shows clearly how the Schwinger terms, given by
the quantity Gµνρσ, are connected with the gravitational anomalies, as the imaginary part
ImT pvµνρσ determines the gravitational anomalies by means of dispersion relations [22]. We
observe that it is just the formfactor G1(p
2) which contributes to the ST due to its peculiar
feature that it approaches a -function singularity at zero momentum squared when m! 0.
This is the characteristic infrared feature of a dispersion relation approach.
6
REFERENCES
[1] J. Schwinger, Phys. Rev. 82 (1951) 664.
[2] J. Schwinger, Phys. Rev. Lett. 3 (1959) 296.
[3] T. Goto and I. Imamura, Prog. Theor. Phys. 14 (1955) 196.
[4] R. Jackiw, Field theoretic investigations in current algebra, Topological investigations of
quantized gauge theories, in: Current Algebra and Anomalies, S.B. Treiman, R. Jackiw,
B. Zumino and E. Witten (eds.), p.81, and p.211, World Scientic, Singapore (1985).
[5] R. Jackiw, Diverse Topics in Theoretical and Mathematical Physics, World Scientic,
Singapore (1995).
[6] R.A. Bertlmann, Anomalies in Quantum Field Theory. International series of mono-
graphs on physics 91, Clarendon Press, Oxford (1996).
[7] J.M. Pawlowski, Phys. Rev. D 57 (1998) 1193.
[8] R. Banerjee and S. Gosh, Z. Phys. C 41 (1988) 121.
[9] C. Adam, Ann. Phys. 265 (1998) 198.
[10] T. Sykora, Czech. J. Phys. 49 (1999) 915.
[11] L. Faddeev, Phys. Lett. 145B (1984) 81.
[12] J. Mickelsson, Commun. Math. Phys. 97 (1985) 361.
[13] A.J. Niemi and G.W. Semeno, Phys. Rev. Lett. 55 (1985) 927.
[14] C. Rupp, Berry phase, Schwinger term, and anomalies in quantum field theory, Diploma
thesis at the University of Vienna (1998).
[15] C. Ekstrand and J. Mickelsson, Gravitational anomalies, gerbes, and Hamilton quanti-
zation, ESI preprint 780, hep-th/9904189.
[16] C. Ekstrand, Schwinger terms from external field problems, Ph.D. thesis at the Royal
Institute of Technology, Stockholm (1999).
[17] J. Borken, Phys. Rev. 148 (1966) 1467.
[18] K. Johnson and F.E. Low, Prog. Theor. Phys. Suppl. 37-38 (1966) 74.
[19] R.A. Bertlmann and T. Sykora, Phys. Rev. D 56 (1997) 2236.
[20] S.-G. Jo, Phys. Rev. D 35 (1987) 3179.
[21] G. Ka¨llen, Gradient terms in commutators of currents and fields, Lectures given at
winter schools in Karpacz and Schladming, February and March 1968.
[22] R.A. Bertlmann and E. Kohlprath, Phys. Lett. B 480 (2000) 200, hep-th/0003172.
[23] E. Kohlprath, Diffeomorphism anomaly and Schwinger terms in two dimensions,
Diploma thesis at the University of Vienna (June 1999).
[24] M. Tomiya, Phys. Lett. 167B (1986) 411.
[25] M. Ebner, R.Heid and G. Lopes Cardoso, Z. Phys. C 37 (1987) 85.
7
